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The calculus of variations, dynamic programing, and Pontryagin‘s maximum principle all are 
methods for optimizing serial decision processes, the kind associated with multistage operations 
having no recycle or bypass. Addition of recycle to a serial process makes it cyclic, and branch- 
ing structures con be built up by connecting serial ones. The concept of cut state makes 
possible the decomposition of cyclic and branched systems into serial ones solvable by serial 
procedures. Under favorable circumstances cut states can be directed to their optimum values 
by efficient optimum seeking methods, which is not possible for ordinary state variables. These 
methods are worthwhile only for loops having a t  least three stages, and the treatment of con- 
verging branches is more complicated than for diverging ones. Visualization of the various 
system structures is  aided by functional diagrams. Definitions and nomenclature are developed 
for continued research on optimization of macrosystems by serial techniques. 

This article presents techniques for optimizing large 
macrosystems composed of relatively simple units inter- 
connected by complicated flows of material, energy, and 
information. The simpler microstructures to be discussed 
are branching processes, both converging and diverging, 
and cyclic processes of the kind generated by the re- 
cycling, feedback, and parallel operations so widespread 
in the chemical industry. The objective at all times is to 
minimize the effects of a problem’s dimensionality, which 
if not watched with the greatest care may easily grow to 
prohibitive proportions. To attain this goal it is necessary 
first to clarify and make precise the underlying concepts 
useful for optimizing composite systems, large or small. 

For a process with a simple serial structure, the stages 
or units being linked in a straight line, the algorithms of 
Bellman’s dynamic programing have often had striking 
success (3, 5). The methods of dynamic programing are 
of course equivalent in a broad sense to the discrete ver- 
sion (6, 7, 11) of Pontryagin’s maximum principle (14) 
as well as to suitable adaptations of the calculus of varia- 
tions (9) .  Unfortunately these serial optimization tech- 
niques cannot be applied without considerable care if any 
feedback or cross linkage from one stage to another de- 
stroys the serial structure. Fan and Wang (8) have re- 
cently shown how to adapt the maximum principle to 
cyclic structures, and Jackson (10) has extended varia- 
tional methods to both cyclic and branching systems. Al- 
though the methods of this article have the dynamic pro- 
graming orientation of Mitten and Nemhauser (12) and 
Aris and Yesberg ( 1 ,  2 ) ,  they can also be used in com- 
bination with the other serial methods. In all these cases 
structural complexity has induced formidable increases in 
dimensionality. I t  will be shown that dimensionality need 
not bring a proportionate, and disastrous, increase in the 
number of optimization computations required. 

The key notion is to formulate the problem so that opti- 
mum-seeking techniques (16) can be applied to the addi- 
tional state variables entering the picture owing to struc- 
tural complexity. Such techniques, which have always 

been used on descision variables, cannot ordinarily be 
employed on state variables, which usually must be ex- 
amined exhaustively. To see the importance of this dis- 
tinction, suppose one wishes the particular value from 
among a thousand possibilities at which a certain variable 
gives the maximum of some objective function depending 
on it. If the variable is a state variable, all thousand cases 
must be examined, but for a decision variable only fifteen 
evaluations are needed when the Fibonacci search tech- 
nique is applicable (12, 16) .  This is why knowing when 
to treat a state as a decision is of the utmost importance, 
not only to reduce computer time but also to conserve 
computer storage as well. 

A major goal of this paper is to define states and de- 
cisions precisely. There are different kinds of states, de- 
pending on the roles they play in the overall optimization 
plan. This article does not discuss the important problem 
of assigning these roles properly, but such problems are 
not really difficult for the simple structures studied here. 
One problem studied in this article is the choice of the 
order in which to carry out the computations, for rever- 
sals of computation direction, as well as interchanges of 
states and decisions, require the definition of inversions. 

The particular structures discussed are the branched 
and the cyclic systems. Visualization of these structures is 
aided by the introduction of functional diagrams which 
have evolved from similar graphic techniques used to 
analyze serial systems (14). It is shown how each cyclic 
and branching structure may be decomposed into inter- 
connected serial problems and then solved by applying 
existing serial optimization techniques. Of particular in- 
terest to chemical engineers is the fact that these tactics 
should not be used on recycle systems having less than 
three decision stages in the loop. In such cases it is politic 
to ignore the structure entirely and use an optimum seek- 
ing technique. On the other hand, the decompositions 
described should prove useful for the multistage cycles 
and the multiloop systems abounding in the process in- 
dustries. Also of interest is the fact that converging 
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branches require different treatment than do diverging 
ones. 

VARIABLES, TRANSFORMATIONS, AND STAGES 

One striking characteristic of the structured optimization 
problems considered here is the large number of variables 
involved. To understand such problems and their efficient 
solution, it is helpful to classify the variables and the 
functions relating them into several groups. Consider a 
function P by which one can find the value of some 
single variable y when the values of some other k variables 
xi, . . .,m (abbreviated as a single vector x) are given: 

y = P ( X )  

The function is said to transform the independent vari- 
ables x into the dependent variable y; in control termi- 
nology y is the output of a transformation process P for 
which the components of x are the inputs. In fortunate 
circumstances the transformation process may be a simple 
formula, but in extreme cases it may be thought of as a 
complicated computer program. 

For the problems under consideration certain of the 
outputs are added together to form a total return R. The 
ouputs contributing directly to R are called stage returns 
and written Ti, the index i being an integer identifying the 
stage. Thus 

R = t r i  (1) 
The inputs upon which ri depends are given the same in- 
dex, as i s  the return function Ri accomplishing the trans- 
formation: 

ri = Ri (x) (2)  
The total return may be composed from the stage returns 
by some operators other than addition without altering the 
results ( 4 ) .  For simplicity this article deals only with the 
addition operation. 

All outputs which are not returns are called state vari- 
ables and written Pi, where i is the index of the inputs 
generating the state. The transformation having the state 
Bi as its output is given the name transition function and 
written Ti SO that 

Pi = Ti (a) ( 3 )  
Many states act also as inputs; a state serving as an input 
to Ti  is written si. All inputs which are not states are 
called decision variables and written di, the index i identi- 
fying the return and transition having di as an input. Thus 
Equations (2)  and ( 3 )  can be written 

Ti = Ri (di ,  si) 

l i  = Ti  (di, S i )  

(4) 

( 5 )  

The set of all transformations carrying the same index i is 
called the ith stage, and the set of all stages is called the 
system. Combinations of Equations (1) and (4) give the 
total return R as a function of the decision and state vari- 
ables: 

N 

R = C Ri (di ,  si) ( 6 )  
i =  1 

Multiple decision or state variables may be distinguished 
from each other by adding a second subscript (dii ,  diz, di3, 
etc.) . A stage can have several transition functions, given 
double subscripts where necessary to avoid confusion. 
However, each stage has only one return function, and the 
returns are always scalar. Each decision and state is for 
simplicity treated as a single variable here, although under 
circumstances discussed later the relations derived hold 
for vector variables as well. 

SERIAL OPTIMIZATION 

A certain structure is imposed on the system when a 
state variable is usually the output of some stage (say i) 
and the input to at least one other stage (say i )  . Then the 
state variable can be represented by more than one sym- 
bol, either 8, or s1 for example. The identification of the 
several symbols with each oi her ( S l  = s3)  defines precisely 
how the stages i and i interact, and such a relation will be 
called an incidence identity. A system is specified com- 
pletely by its stages and its incidence identities. 

Suppose for example that there are N stages which can 
be numbered so that the incidence identities are 

& + I = s ~ ;  i =  1 ,2 ,  . . . ,  N - 1  

It is enlightening to represent the stages schematically by 
appropriately numbered rectangles, with arrows leaving 
a stage rectangle standing for output states from the stage. 
Arrows pointing to a stage denote a stage input. States 
and their corresponding incidence identities are shown as 
arrows connecting the stages, as in Figure 1. Such a rep- 
resentation, known as a functional diagram, shows graphi- 
cally the system structure in a manner which, unlike the 
incidence identities, does not really depend on how the 
numbers are assigned to the stages. One could in fact 
draw the functional diagram without numbering the stages 
at all. Figure 1 shows why such a configuration, having 
the output of one stage as the input to the next, is called 
n serial system. 

Notice that the functional diagram is not the same as 
the process flow diagram. The former represents informa- 
tion flow, the latter material or energy flow. 

For a serial system the N - 1 transition Equations (5) 
through ( 5 a )  can be used together with the incidence 
identities to eliminate state variables si, . . . , siv-i from 
Equation (6) and give R as a function only of the deci- 
sions di ,  . . . , d N  and the initial state S N .  Thus the total 
return function may be written R(di ,  . . . , d N ,  S N ) ,  or 
more compactly as R ( d,, S N )  . 

Strictly speaking SN, not being the output of any stage, 
should be called a decision rather than a state. This use 
of the word state is a carry over from the existing litera- 
ture of dynamic programing, which gives connotations to 
state not entirely consistent with the strict definition in 
this article. If one can choose freely among the many pos- 
sible values of S N ,  then S N  will be called a choice variable 
and written C N  instead of S N .  Although there is absolutely 
no difference between a choice and a decision as far as 
actual computations are concerned, both kinds of variables 
lending themselves to the application of optimum seeking 
methods, the distinction in notation will be preserved for 
analytical reasons to be made apparent later. When as in 
the section to follow optimum seeking methods are for 
some reason prohibited, the notation S N  will be resur- 
rected. 

If no side conditions relate the decisions dl  to the choice 
C N ,  one can define the maximum total return R" as 

dVCN 

(7) 

R* = max { R  (dt, C N )  } ( 8 )  

The serial optimization problem is to find a set of optimal 
values di", . . . , dN", CN' for which the total return at- 
tains this maximum: 

A(d," ,  C Y * )  = R" 19) 

This set of optimal values is called an optimal policy. 
There being N 1 independent variables whose values are 
to be given by the optimal policy, the problem is said to 
have N + 1 degrees of freedom, one for each choice and 
decision variable. 
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INITIAL VALUE PROBLEM 

Often one must determine the maximum serial return 
for every possible value of the input to stage N. Since in 
this case optimum seeking methods cannot be used on 
this input variable, which must be examined exhaustively, 
it will be written SN again and called the initial state. The 
special status of S N  is suggested by reading the total return 
R(di,  S N )  as the total return, given the initial state S N .  

The corresponding initial value maximum return func- 
tion is R" ( S N ) ,  a function of S N ,  defined as the function 
which for all values of di, . . . , dN  and for any particular 
value of SN is such that 

Ru (SN) = max {R(d i ,  S N ) }  (10) 
di 

The initial value serial optimization problem is to find a 
set of functions of SN, namely dlU ( s N ) ,  . . . , d ~ *  ( s N ) ,  
for which R(di ,  S N )  is maximum: 

R ( d i " ( S N ) ,  5") = R * ( S N )  (11) 

The functions diu ( S N )  form an initial value optimal policy, 
and since there are N functions of the single state variable 
SN to be specified by the policy, the problem is said to 
be an N-decision, one-state, optimization problem. The 
number of decisions plus the number of states equals the 
number of degrees of freedom. 

DECOMPOSITION BY DYNAMIC PROGRAMING 

The sequential structure of a serial system can be ex- 
ploited to transform the N-decision, one-state, initial value 
optimization problem into a set of N one-decision, one-state 
problems. This is accomplished by the procedure called 
dynamic programing, which will now be translated into 
the new notation, 

Let Sn be the sum of the returns from stages 1 through 
n: 

n 

Sn  = 2 R~ (d t ,  gL); n = 1 , .  . , , N (12) 
z- 1 

Sn = S n  (di, . . . , dn, ~ n ) ;  n = 1 , .  . . , N (13) 

Let f n ( sn )  be the set of values of S n  such that for any 
given value of S n  and for all values of di ,  . . . , dn 

f n ( S n )  = max {Sn(di,. . . , d n , s n ) } ;  n = 1,. . . , N 
di ,  . d n  

(14) 
From this definition it follows that 

f n + l  ( S n + l )  = max {Rn+i (dn+l , sn+l)  
dn 1 

+ f n  ( T n t l  (dn+l ,  S n + l ) ) } ;  n = 1,. . . , N - 1 (15) 

for any given value of sn+l and for all values of dn+i.  
This recursion relation, which states the principle of op- 
timality [S] in mathematical terms, shows that fn.1 ( S n + l )  

can be obtained from f n ( S n )  by a one-decision, one-state 
optimization. To get the recursion started Equation (14) 
generates f i  (si)  by a one-decision (di), one-state ( s i )  
optimization. Finally, after N such partial optimizations, 
the N decision functions di" (si) , . . . , d N u  (SN) are ob- 
tained, together with the N stage initial value maximud 
return function f N ( S N )  which by definitions ( lo )  and 
( 14) must be R" ( S N )  : 

R" ( S N )  = f N  ( SN) 

When one starts with d N "  ( S N )  , the recursive substitution 
of d" (SN) into transition Equation (5)  to beget the 
optimal input function s % - ~ ( s N ) ,  which is in turn put into 

d"i-i (s t -1)  to give d*i-i ( s N ) ,  eventually generates the 
entire initial value optimal policy. 

The partial optimizations of dynamic programing em- 
phasize how different is the role of a decision variable from 
that of a state variable when the computations are done 
numerically. For every possible value of an input state, 
si for instance, one finds the value of the decision variable 
di maximizing the function Ri(di, si) + f i - i  (d,, s i )  . Since 
di is a system input, unaffected by any stage outputs, none 
of its values are important except the optimal ones, which 
may be found fairly efficiently by optimum seeking meth- 
ods. On the other hand since si is an output from other 
parts of the system, one cannot know which of its values 
might be optimal until the entire problem has been solved. 
For this reason an optimal decision di" (si) must be found 
for every value of si, which rules out using optimum seek- 
ing techniques on the state variables. Furthermore di" 
(si) must be saved for all i and every value of si in order 
to generate the optimal policy. This storage requirement 
can exceed the rapid access memory of large digital com- 
puters. 

The states and decisions may in general be vectors 
whose components are single variables. Except for obvious 
changes in notation the partial optimization procedure is 
no different than before, although the number of com- 
putations certainly increases. But state dimensionality is 
more of a computational and storage burden than decision 
dimensionality. 

In practice one rarely needs to know R * ( s N )  for every 
possible value of S N .  Usually either SN is specified to be 
a particular constant value krv or else it can be selected at 
will and is therefore really a choice variable C N  amenable 
to optimum seeking techniques. In the former case one 
simply determines Ru (k,) , a constant, and the correspond- 
ing optimal policy. The other situation, formulated in the 
previous section, can be solved by dynamic programing 
with one modification. Since stage N has a choice C N  and 
a decision d~ as inputs, the optimum return R' is the re- 
sult of a two-decision, no-state optimization: 

R" = maX {RN(dN,CN) + f N - l ( d N , C N ) }  (17) 
d N , c N  

FINAL VALUE PROBLEM-STATE I NVERSION 

Consider the problem of obtaining the maximum return 
from a serial process as a function of 81, called the final 
state because it is the only state not a stage input. Sup- 
pose there exist N inverse transition functions Ti( di, %) 
which express the input si as a function of the decision 
and output: 

si = Ti (di, Si); i = 1, . . ., N (18) 

Finding such a function for a stage is called state inversion 
because the roles of the input and output states are inter- 
changed. The inversion transitions can be used to express 
the stage returns in terms of decision and output state: 

Ri(di, %) = Ri(di, T i (& Gi)); i = 1 , .  ., N (19) 

A total return function R(di,  61) depending only on the 
decisions and the final state 81 can be obtained by adding 
the inverted stage returns and using the inverse transi- 
tions and incidence identities to eliminate states si through 
SN. The corresponding final value maximum return func- 
tion, given 81, is 

R'(S1) = max {R(di,ei)} (20) 
d l . .  . . . d N  

The final value optimization problem is to find a set of 
functions di"(Gi) ,  . . . , d ~ " ( % )  for which 
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R(di"(Dl),  S l )  = R"(S1) (21) 
The N functions di" (81) form a final value optimal policy, 
and like the initial value case, finding them is an N-deci- 
sion, one-state problem. As before there are N + 1 degrees 
of freedom. 

When every stage has been inverted, the final value 
problem can be put into the same notational form as the 
initial value problem by renumbering the stages in reverse. 
Then the final value problem can be decomposed into N 
one-decision, one-state problems by dynamic programing 
in the manner already described. 

Certain complications arise in state inversion when the 
states are vectors, depending upon the difference between 
the input and output state dimensionalities. Let the di- 
mensionality of si and D i  be m and n, respectively, and 
assume that the transformation Ti consists of n independ- 
ent equations, each one expressing one of the components 
of G i  as a function of si and di. If all n equations are not 
independent, one deals with the largest set of independent 
equations and makes a corresponding adjustment in the 
dimensionality of the output state vector. There are three 
cases to be considered, m = n, m > n, and m < n: 

1. If m = n, the m input state variables can be ex- 
pressed in terms of the decision variables and n output 
state variables. 

2. If m > n, n of the input state variables can be ex- 
pressed in terms of the decision variables, n output state 
variables, and the remaining m - n input state variables, 
which become choice variables. 

3. If m < n, m of the equations of Ti can be used to 
express the m input variables in terms of the decisions and 
m of the output state variables; the remaining m - n 
equations become constraints relating di and Di. 

Of course, the computational feasibility of state inver- 
sion is another question. Fortunately, when state inversion 
is not practical, there is another way of formulating and 
decomposing the final value problem. 

FINAL VALUE AND TWO POINT BOUNDARY VALUE 
PROBLEMS-DECISION INVERSION 

Even when state inversion is impractical, the N-decision, 
one-state final value problem can still be decomposed into 
N smaller problems. These subproblems each involve only 
one decision, but instead of a single state as in the initial 
value case, each has two state variables. Since the effort 
needed to solve these two-state subproblems is consider- 
ably greater than for one-state functions, this approach 
should only be used for final value serial problems when 
state inversion is either impossible or computationally in- 
feasible. The main reason for studying this method is its 
applicability to two point boundary value problems arising 
in the optimization of certain systems with cycles and 
branches. Moreover, the apparent doubling of the state 
dimensionality is not usually as disastrous as might appear 
at first glance, for one of the state variables can under 
favorable circumstances be treated as a choice variable to 
which optimum seeking methods may be applied. 

Suppose that 
61 = Ti (si, d i )  (5a )  

can be solved for di in terms of si and 81 to give 
A 

di = Ti ( ~ 1 , S i )  (22) 
This mathematical interchange of the roles of di and 01 

is called decision inversion, and Equation (22) tells what 
decision is needed to transform si to 31. As with state in- 
version, decision inversion calls for care when there are 
several output and decision variables. If for example there 

Fig. 1. A serial system. 

are more decision variables than output state variables, 
then there is still some freedom of choice left among the 
decisions which would permit limited optimization at 
stage 1. Even when there are exactly as many decisions as 
outputs and decision inversion is possible, any constraints 
on the decision variables will be translated into compli- 
cated state constraints. But although decision inversion is 
in principle just as difficult as state inversion, only one 
decision inversion is needed to solve a final value problem 
which would otherwise require N state inversions. 

For the serial system of Figure 1 the sum of returns 
from stages 1 through n can be expressed in terms of the 
n - 1 independent decisions dz, . . . , d n  and the two 
states sn and si by applying decision inversion Equation 
(22) to Equation (13) to obtain 

Sn = Sn (51, dz, . . . , dn, sn); n =  1, . . . , N (23) 
Let the two-state n-stage maximum return function fn(Si,  
sn) be defined by 

fn(S1,sn)  3 max {Sn(Si,dz, . . . , &, sn)} ;n= 1, . . . , N 
d%. . ., dn 

When n = 1 the definition degenerates into an equation 
involving no maximization, since the right side of Equa- 
tion (24) would have no decision variables: 

A 
f l ( B 1 ,  s1) = R1 (T1 (a, S l )  , 51) (25) 

Thus Equation (25) gives the optimal (and only possible) 
one stage return as a function of the input and output 
states. 

As in the initial value problem, knowing fn(S1, s n )  al- 
lows one to determine the maximum n + 1 stage return 
f n + i ( S i ,  S n + l )  from the following relation: 

f n + i ( S ~ ,  S n + i )  = max{Rn+i(dn+i, sn+i) 
d n f l  

+ fn(S1, Tn+i(dn+l,Sn+l))}; n = 1,. . . , N - 1 (26) 

It  is a one-decision, two-state optimization problem to find 
the two-state decision function d"n+l(%, Sn+l) such that 

Rn + 1 ( d e n  + 1 (01,sn + 1 )  , Sn + 1 ) 
+ f n ( ~ 1 ,  Tn+i(d"n-ti(Pi,Sn+l), S n + i ) )  

== fn+l(Si, Snt-1); n = 1,. . . , N - 1 (27) 

From the way the final value problem is formulated, the 
initial state (the state input to stage N )  is free to take on 
its optimal value and is therefore a choice state, written 
CN. Hence the desired final value maximum return func- 
tion R" (a) is obtained ultimately by a two decision one- 
state optimization: 

R"(S1) = max { R N ( c N , ~ N )  + ~ N - I ( S I , T N ( ~ N , C N ) ) }  
CN,dN 

(28) 

In all there is a decision inversion, only N-2 one-deci- 
sion, two-state optimizations, and a two-decision no-state 
optimization. If SN were not a choice state the problem 
would be a two-point boundary value problem with the 
maximization in Equation (28) being over dnr only. 
Boundary value problems always require decision inver- 
sion, while final value problems can be solved by either 
state or decision inversion. 
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Fig, 2. A cyclic system. 

Notice that 51 appears as one of the states in every par- 
tial optimization. When a state such as 51 is repeated at  
successive stages, and calculations are being done tabu- 
larly, its value should be fixed so that an ordinary one-state 
optimization by dynamic programing can be carried out. 
This completed, the maximum return and optimal policy 
for that value of 51 can be stored and the intermediate 
calculations discarded. The computations are then re- 
peated for another value of 51 and so on. The advantage of 
multiple one-state optimizations over a single two-state 
optimization is the former method’s saving in storage. 
Moreover, if 51 itself is free to assume any value advan- 
tageous for maximizing the total return, then it can be 
treated as a choice state and directed by optimum seek- 
ing methods. 

CYCLIC OPTIMIZATION 

Consider now an N stage system similar to a serial one 
except that the initial state S N  and the final state 51 are 
identical: 

Such a system is said to be cyclic because its functional 
diagram, shown in Figure 2, is a closed loop. Cycles arise 
in chemical engineering recycle or feedback technologies. 
Since removal of the loop identity converts a cyclic sys- 
tem into a serial one, the variables B i  will be called a C U ~  

state and written ci. The use of this symbol already given 
to choice states is intentional, for it will be shown that 
any cut state is also a choice state (although not vice 
versa). The functional diagram shows that there are only 
N degrees of freedom in a cyclic system, one less than for 
a serial one, the loop identity having eliminated the input 
variable S N .  

depending on the cut state 
ct and the N-1 decisions dz. . . ., d N  can be obtained from 
Equation (23) by using Equation (29) to eliminate SN 

and writing c1 for 51: 

51 E SN (29) 

The cyclic return function 

@(Cl, d2,. . ., d N )  = SN(C1, d2, . . . , d N ,  C1) (30) 

The maximum cyclic return a* is defined by 

a* = max {a (ci, dz, . . ., d ~ ) }  (31) 
c1,dp ..,dN 

The cyclic optimization problem is to find an optimal 
cyclic policy, that is a value ci’ of the cut state and a 
set of optimal decisions dz’, . . . , d N *  such that 

@ ( C l * ,  dZ*, . . ., d N * )  = a* (32) 

This is an N-decision, no-state optimization problem. 
To solve it, first select a particular value of ci and find 

the N - 1 stage maximum return function f ~ - i ( c i ,  SN-I)  

by a decision inversion and N - 2 one-decision, one-state 
optimizations as described in the preceding section. Then 
find a* (ci) by the one-decision, no-state optimization: 

This return, together with the corresponding policy 
d2* (cl) ,  . . ., dN* (el), is stored and the procedure re- 

... 

Fig. 3. A diverging branch. 

peated for a different choice of CI, perhaps selected by 
an optimum seeking technique. In this way a sequence of 
N - 1 decision serial problems is solved until one finds 
the optimal cut state c1*: 

(34) 

Since there are two fewer one-decision optimizations 
than there are stages, the decomposition just described is 
not worth performing when the loop has less than three 
stages. In a two-stage loop, for example, there are only 
two degrees of freedom anyway, so one might as well 
perform a two-decision, no-state optimization directly 
without bothering to make a preliminary decision inver- 
sion. Similar considerations hold for a single-stage cycle, 
sometimes called a self-loop. The important thing in opti- 
mizing a self-loop correctly is to express the return in 
terms of a single variable, using both the loop identity 
(29) and the sole transition function (5) to eliminate 
two out of the three original variables s1, 81, and dl .  Re- 
lated problems involving different kinds of loop structures 
are discussed later. 

a* = max {a* ( a ) }  = @(CI’) 
C 1  

DIVERGING BRANCHES 

The methods described previously for solving initial 
value serial problems can be adapted to the optimization 
of systems with a diverging branch as in Figure 3. In such 
systems one of the stages (say k) of a subsystem has, in 
addition to its ordinary output state S k l ,  another output 
s1~2 which is the initial state for a different sequence of M 
serial stages labelled 1’ through M’ and forming a diverg- 
ing branch. The branch transition functions are 

(35) 

(36) 

5.‘ - T.’ (d.  z - z ;,s;); i = l ,  ..., M 

5i+l = si’; i = 1 , .  . . , M - 1 
and the incidence identities are 

Connection of the branch to the main system at stage k is 
represented by the additional transition function 

8k2 = T k z  (dk, Sk) (37) 

SM’ s k 2  (38) 

(39) 

and incidence identity 

As usual there are M return functions 
r.* z - - R.f 2 (d.  t ’ , s i ’ ) ;  i = l ,  . . . ,  M 

and it is desired to optimize the sum of the returns from 
all M + N stages. 

Let ~M’(sM’) be the diverging branch maximum return 
function defined by 

~ M ’ ( s M ’ )  = max { : r i ’ }  (40) 

Finding this function is an initial value problem solvable 
by the methods described previously. By the connection 
Equation (37) and identify (38) this branch return can 
be combined with the stage k return to give a new return 
function depending only on dk and state sk: 

R k ’ ( d k , S k )  fM’(TkZ(dk,Sk)) + R k ( d k , s k )  (41) 

dl,, ..., dM’ i = l  
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Fig. 4. A feed-forward loop. 

This new function can be used in place of R k ( d k ,  S k )  in 
the regular optimization plan for the main systems, even 
when the main system is not serial, since nonserial systems 
can be optimized by serial methods, as shown in the pre- 
ceding section. The replacement of R k  ( d k ,  S k )  by R k ’ (  d k ,  

sic)  is called absorption of a diverging branch. 
In the section to follow it will be important to know 

how to handle a final value version of the diverging branch 
problem. This would involve first finding the two-state M 
stage maximum return function f ~ ’ (  51’; SM’) of Equation 
(24) by using Equation (25) and iterating recursion re- 
lation (26) M - 1 times. This would take a decision in- 
version and M - 1 one-decision, two-state optimizations. 
Absorption of the branch requires that the three variable 
function fk’ ( d k ,  %’, S k )  be substituted for R k  ( d k ,  S k )  in the 
main stem optimization scheme: 

Rk’( dk, 31’, S k )  R k  ( d k ,  S k )  f fM’ (31, T k 2  ( d k ,  Sk) ) 
(42) 

SINGLE LOOP OPTIMIZATION 

Suppose that the output state 31’ from the diverging 
branch of the preceding section is also an input to some 
stage i of the main stem. When, as in Figure 4, j < k, a 
configuration arising for example in the bypass and multi- 
ple feed technologies of chemical engineering, the system 
is said to have a feedforward loop comprised of stages k 
through j together with stages 1’ through M’. On the other 
hand if j lc, the loop is described as feedback, a situa- 
tion brought about in the chemical industries by recycling 
unreacted materials back to the feed for reprocessing. The 
cyclic system of Figure 2 is a special feedback case where 
i = 1 and k = N .  

Finding the maximum total return from all stages of 
either feedforward or feedback systems is called the single 
loop optimization problem. Its mathematical description 
differs only slightly from that of the diverging branch 
problem. Thus one need only add the incidence identity 

sj2 3 51’ (43 1 
and replace Equations (4)  and (5)  for the junction stage 
i by the three-variable functions 

rj = Rj(dj,  sj, S ~ Z )  

S j  = Tj (dj, sj, S j 2 )  

(44) 

(45) 
To optimize such a system, feedback or feedforward, 

one treats ii’ as a cut state, rewritten ci’ or cjz. When this 
cut state is fixed at a specific value, the system can be 
treated as a serial one with a diverging branch having a 
fixed output CI’. 

Applying decision inversion to state 1 one finds the 
diverging branch maximum return f ~ ’ (  SM’, ci’) . However, 
when ci‘ is treated as a constant, the M - 1 optimizations 
are all one-state one-decision problems. Stages 1 through 
i - 1 are treated using the initial value model to obtain 
fj- 1 ( sj- I ) . For the junction stage j the return and transi- 
tion Equations (44) and (45) are used to obtain f 3  ( s3, ci’) , 
again for the particular value of ci’. Then f k - i ( S k - 1 ,  ci’), 
is determined by proceeding in this way through stage 
lc - 1. At stage k, absorption Equation (42) is applied to 
absorb ~ M ’ ( s M ,  ci’) into r k .  From a partial optimization at 

cut state 

Fig. 5. A converging bronch. 

stage k, f k ( s k ,  ci’) is obtained together with the decision 
functions dz’*(sz, ci’), i = 1, . . ., M ,  d,* ( s t ) ,  i = 1, . . ., 
i - 1 and dLd ( S T ,  ci’), i = j ,  . . ., k. These functions are 
all stored, and the process is then repeated for a new value 
of ci’, possibly selected by an optimum seeking method. 
Ultimately this gives the optimal value ci” and hence 
f k  ( ~ 1 ~ ) .  Stages k + 1 through N are then treated with the 
initial value model by applying Equation (15).  At n = N 
one obtains the maximum total return ~ N ( s N )  = @* ( S N )  : 

@*(sN) = max {@* (ci’, S N ) }  = @* (ci”, S N )  (46) 

This1 return function is of course a single value if the in- 
put state SN is a constant k ~ ,  and if it is a choice variable 
C N  the optimum seeking method can guide C N  simultane- 
ously with c1’ to find the single maximum return @*: 

C 1 ’  

Q* = max {au (ci’, C N ) }  (47) 
C l ’ . C N  

CONVERGING BRANCHES 

Figure 5 illustrates a system with an M stage converg- 
ing serial branch, that is one whose output state 31‘ is an 
input to stage k (#  1) of another N stage system. Al- 
though the return, transition, and incidence Equations 
(35),  (36),  and (39) for a diverging branch hold also 
for a converging one, the mathematical description of 
connecting stage k is different. The diverging junction 
Equations (4 ) ,  (5) ,  (6), ( 3 7 ) ,  and (38) must be re- 
placed by the triple input functions 

and 
Tk = R k  ( d k ,  S k i ,  S k 2 )  (48) 

g k  T k  (dk, S k l ,  S k Z )  (49) 
with the new incidence relations being 

and 

The problem is to maximize the sum of returns from all 
M f N stages. To solve it, first find f k - i ( s k - I ) ,  the op- 
timal return function for stages 1 through k - 1, using 
dynamic programing Equations (14) and (15). If SM’ 
must be considered a state variable, next choose a particu- 
lar value ci’ of the branch output Si’, treated as a cut state, 
and determine the optimal branch return f ~ ’  (a’, SM) , a 
boundary value serial problem. Simultaneous selection of 
a value of decision dk would, for a given value of state S k ,  

determine a total return which is the maximand inside 
the braces in Equation (52) below. Once this quantity 
has been stored, together with the corresponding policy, 
new values of ci’ and d k  can be chosen by an optimum 
seeking method. Repetition of this guided search even- 
tually gives cl’*(sk) and d k * ( s k ) ,  the optimal values of 
c1’ and dk for every value of state s k ,  as well as the opti- 
mal M + k stage return function f ~ + k  (sk, SM), defined as 

f~ + k (Sk ,  S M ’ )  max ( R k  ( CI’, dk, S k )  

cl’,dk 

+ f k - 1  ( T k  (Ci’, d k ,  Sk) ) f f M ’  (Cl’, SM’) } ( 5 2 )  
This is not difficult to do if the branch input SM’ is a con- 
stant kid.  
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Fig. 6. A double loop. 

When SM can be treated as a choice state CM, the opti- 
mal branch return f~’(c1’)  can be found more easily by 
state inversion of the branch, followed by solution of M 
one-decision one-state problems. Moreover the optimiza- 
tion of Equation (52) would then involve only one state 
variable (sk). On the other hand, if state inversion were 
not possible and decision inversion had to be used, one 
would determine f ~ ’ ( c ~ ’ ,  C M ) ,  treating CI’ as a cut state 
as given above, and then determine f M + k  by a three- 
decision one-state optimization using Equation (53) : 

f M + k ( S k ) =  maX {Rk(Cl’, d k ,  S k )  
Cl’,CM’,dk 

+ fk-l(Tk(Cl’, d k ,  S k ) )  f fM’(CI’, CM’)} (53) 

This illustrates the advantage of using state inversion 
whenever possible, since with state inversion the combin- 
ing branch problem is only about as difficult as the di- 
verging branch problem. Otherwise, even though there is 
no loop, its difficulty would be comparable to that of a 
single loop problem. If SN is a choice state but SM is not, 
stages k + 1 through N should be treated as the converg- 
ing branch and stages (1, . . . , k, l’, . . . , M’) as the 
serial chain. 

The rest of the main trunk is optimized by ordinary 
dynamic programing. I t  is important to carry out the 
double (or triple) decision optimization right at the junc- 
tion stage k, for otherwise the states 51’ and SM’ would 
have to be carried as state variables to be examined ex- 
haustively during every partial optimization following. 

MULTIPLE LOOPS 

The methods described for solving single loop optimiza- 
tion problems can be extended to systems with several 
loops. For example, cutting the double loop system of 
Figure 6 in the two places shown permits solution of the 
system as if it were a serial one with two branches. AS 
one would expect, the presence of two loops requires two 
cut states, but in favorable circumstances these can be 
guided simultaneously to their optimum values by an 
optimum seeking method. The power of the concept of 
cut state becomes more apparent as the number of loops 
increases, for solution of multiple loop problems would 
be computationally impractical if the cut states had to be 
examined exhaustively. 

There are many digerent ways to cut multiloop and 
multibranch systems. Since choosing a good optimization 
plan is primarily a strategic problem, such questions will 
be deferred to a later article. 

VARIATIONAL METHODS 

Systems of any structure may be optimized by the 
methods demonstrated as long as one can find the func- 
tions R” ( s N ) ,  fi’ ($I) ,  and f ~ - I  (81, S N )  . The first is the 
solution to an initial value problem, the second to a final 
value problem, and the third to a two-point boundary 
value problem. To solve such problems one need not 
necessarily carry out the decomposition procedure of dy- 

namic programing. Often it is more practical to use the 
calculus of variations or related techniques such as the 
maximum principle of Pontryagin to find those functions. 
The purpose of this article has not been to indicate prefer- 
ence for any of these methods, but rather to show how to 
decompose certain microstructures into initial, final, or 
two-point systems solvable by serial procedures. 

NOTATION 

c = cut state variable, Equation (8) 
d = decision variable, Equation (4) 
f = maximum return function, Equation (14) 
k = constant state 
M = number of stages in a branch Equation (35) 
N = number of serial stages, Equation (6) 
P = transformation process 

= return, Equation (1) 
R = return function, Equation (1) 
R” = optimal return, Equation (8) 
6 = state variable, Equation (3) 
S = sum of stage returns, Equation (12) 
s = input state, Equation (4)  
T = transition function, Equation (3) 
T = inverse transition function, Equation (18) 

T^ = decision inversion function, Equation (22) 
x = input variable, Equation (2)  
y = output variable 
@ = cyclic return function, Equation (30) 
’ = branch stage identification, Equation (35) 

Subscripts 

i = stage index, Equation (2)  
j = converging junction stage, Equation (44) 
k = diverging junction stage, Equation (37) 
n = number of stages partially optimized, Equation 

(12) 
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